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2806. [2003 : 45] Proposed by Mihaly Bencze, Brasov, Romania.
Suppose that z, y, z > 0, a € R and =z + y* 4+ 2> = 1. Prove that
(a) $2+y2+z2 2 $a+2+ya+2+za+2+2$2y2z2 (ma—2 + ya—2 + za—2) ,
2 (ot 4 yotl 4 zotl)
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Solution by Arkady Alt, San Jose, CA, USA; David Loeffler, student, Trinity
College, Cambridge, UK; and Panos E. Tsaoussoglou, Athens, Greece.

(a) We will show that the proposed inequality is true for &« > 0 and
the reverse inequality holds for @ < 0. For a = 0, the given condition
% + y* + 2z = 1 is never satisfied.

Let D be the difference between the left side and the right side of the
given inequality. Using z® + y* + 2> = 1, we obtain

D = (CL‘2 + y2 + 22) _ wa+2 _ ya+2 _ Zoc+2

_ 2way2z2 _ 2yaZ2m2 _ 2zaw2y2

— (mz + y2 + ZZ)(ma + ya + za) _ $a+2 _ ya+2 _ za+2
_ 2$ay2z2 _ 2yaz2$2 _ 2za$2y2

— J:at(yZ + 22) _ zmay2z2 + ya(z2 + 332)
_ zyaz2m2 + za(m2 + y2) _ 2za$2y2

= 20’1 - ) + 21—y + [P0 - ) + 27 (1 - 2]
+ 2@ (1 — y?) + y?*(1 — 27)] .

Now, if @ > 0, then the condition z® + y* + 2® = 1 implies that
r <1,y <1,and z < 1, so that D > 0 and the inequality holds. If « < 0,
thenz > 1,y > 1, and z > 1 and the reverse inequality holds.

(b) The desired inequality follows easily by applying the condition
% + y* + 2z* = 1 and the AM-GM Inequality:
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